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Abstract

I introduce a simple model which endogenously generates a Pareto distribution in top earnings.

Workers inhabit different niches, and the earnings of a worker is determined by the niche-specific supply

of labor and a downward-sloping labor-demand curve. The highest paid workers are the ones that inhabit

a niche with few other workers. A Pareto tail in earnings emerges as long as the labor-demand curve

has a limit elasticity and the distribution of workers over niches satisfies a regularity condition from

extreme-value theory, satisfied by virtually all continuous distributions in economics.
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1 Introduction

The Pareto property of top earnings is one of the most striking regularities in economics. Since Pareto

(1896)’s original discovery, it has been verified across regions and time periods that the top of the earnings

distribution closely follows a Pareto distribution, i.e., the share s of individuals with earnings above a certain

earnings level y is well approximated by the functional form s ∝ y−α. In this paper, I provide a theory of

this empirical regularity leveraging the basic economic idea that scarcity leads to high prices, or in the case

of labor, high earnings.

The model is simple. Workers are distributed over a continuum of different ‘niches’ and earnings in a

particular niche is determined by the number of workers in the niche together with a downward-sloping

labor-demand curve featuring a limit elasticity as the number of workers tend to zero. The top earners

are the ones who find themselves in a niche with very few competitors. In this setting, for a large class of

distributions of workers across niches, the induced earnings distribution features a Pareto distribution for

top earnings.

Related literature The predominant framework for generating a Pareto tail in earnings is through

random-growth processes, following Champernowne (1953), Simon (1955) and Kesten (1973).1 By con-

trast, this paper provides a static theory of top-earnings inequality leveraging that scarcity leads to high

prices. Geerolf (2017) also provides a static theory of top-earnings inequality. Although my model leverages

variations in scarcity and Geerolf (2017) studies an assignment model generating superstar effects, the mod-

els share an approach to top-earnings inequality which mathematically boils down to what Sornette (2006)

calls a ‘power law change of variable close to the origin’ to generate a Pareto tail in earnings.

More broadly, Gabaix (2009) surveys the literature on power laws in economics and finance, and Sornette

(2006) surveys a broader literature on power laws in the natural sciences.

2 Model

The labor market consists of a continuum of niches which workers can inhabit. The earnings of a worker in

a niche is determined by the number of workers in the worker’s niche and the best paid niches are therefore

the ones with very few workers. The model does not take a stand on how the distribution of workers over

niches is generated.

1See, e.g., Nirei and Aoki (2016), Toda and Walsh (2015), Gabaix et al. (2016), Jones and Kim (2018), and Beare and Toda

(2022).
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2.1 Setting

Notation Workers belong to different niches x ∈ Rn. The number of workers in a particular niche x is

given by the density function f(x). All workers in a given niche earn the same amount, y(x).

Earnings in a niche The earnings y(x) of a worker in a niche x with mass of workers f(x) is determined

by an inverse labor-demand curve, y(x) = D−1(f(x)). That is, the earnings in a niche is determined by the

number of workers inhabiting the niche. The inverse labor-demand curve D−1 is shared across niches and

satisfies the following properties:

Assumption 1. The inverse labor-demand curve D−1 : R+ → R+ is differentiable and strictly monotonically

decreasing. The limit elasticity of income exists when the mass of workers L approaches zero,

lim
L→0

−(D−1)′(L)L

D−1(L)
=

1

ε
.

This is equivalent to assuming that, locally near zero, earnings are determined by a constant-elasticity

labor-demand curve, y ∝ L−1/ε. The labor-demand curve can for example be derived from a CES production

function Y =
(∫

f(x)(ϵ−1)/ϵdx
)ϵ/(ϵ−1)

which implies that the marginal product of a worker in niche x is given

by y(x) =
(

f(x)
Y

)−1/ϵ

.

The space of niches Although the ‘true’ space of niches may be high dimensional, without loss of gen-

erality, we order the niches from most common to least common on the real non-negative half-line R+.
2

The distribution of workers over niches Wemake some relatively weak assumptions on the distribution

of workers over niches, f . The ordering of niches implies that f is monotonically decreasing. To have an

unbounded income distribution, we therefore assume that for all ϵ > 0, there exists a niche x such that

0 < f(x) < ϵ. Finally, we assume that f is regular in the sense of extreme-value theory.

Assumption 2. The distribution of workers over niches, f , satisifies the following properties.

1. The density of workers f : R+ → R+ is strictly monotonically decreasing.

2. For all ϵ > 0, there exists a niche x such that 0 < f(x) < ϵ.

2To be precise, let X be the space of niches and let f∗(t) = inf{s > 0 : µ({x ∈ X : f(x) > s}) ≤ t} be the decreasing

rearrangement of f as in section 1.4.1 of Grafakos (2014). The densities f and f∗ have the same mass of workers in niches with

at least y workers, so f and f∗ induce the same earnings distribution. Further, f∗ inherits continuity from f if X is connected

(continuity follows from f∗ being monotone and surjective on the range of f , which is an interval because of connectedness).
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3. The density of workers f is regular in the sense that the following limit exists,

lim
x→x

∂

∂x

1− F (x)

f(x)
= ξ, (1)

where F is the cumulative distribution function corresponding to the density function f and x =

supx{f(x) > 0} ∈ R+ ∪ {∞} denotes the supremum of the support of f . The limit ξ satisfies ξ > −1.

Remark 1. The regularity condition given by Equation (1) stems from extreme-value theory and corre-

sponds to Equation (9) of Gabaix and Landier (2008). With x = ∞, it implies the von Mises condition

limx→∞
1−F (x)
xf(x) = ξ, as in, e.g., Resnick (1987), section 1.4.

Remark 2. The uniform distribution is regular with ξ = −1, the Weibull distribution is regular with ξ <

0, the Pareto and Fréchet distributions are regular with ξ > 0, and the Gaussian, log-normal, Gumbel,

exponential, stretched exponential, and loggamma distributions are regular with ξ = 0.

The regularity condition is satisfied by virtually all continuous distributions considered in economics and

it is therefore a weak restriction on the density function. The constant ξ measures the fatness of the tail of the

distribution. For the thin-tailed distributions such as the normal distribution, the exponential distribution,

and the log-normal distribution, ξ = 0. For bounded distributions such as the Weibull distribution, ξ < 0.

For distributions with fat tails, such as the Pareto and Fréchet distributions, ξ > 0. In particular, for a

Pareto distribution ξ = 1/α.

What is a niche? In effect, we have assumed that the demand for labor is constant across niches. This

is without loss of generality since we are free to redefine the size of a niche in a way that equalizes the level

of demand across niches. Let earnings be given by y = D−1(a(x)f(x)). Reparametrize the space of niches

so that dx̃ = a(x)dx. The new density function is given by f̃(x) = f(x)/a(x) (such that f̃(x)dx̃ = f(x)dx)

and y(x) = D−1(f̃(x)).

2.2 The earnings distribution

A distribution of workers across niches f together with an inverse labor-demand function D−1 generates an

earnings distribution with probability density function g and cumulative density function G. The earnings

distribution g has a Pareto tail if

lim
y→∞

yg(y)

1−G(y)
= α.

We now state and prove the main result of the paper.

Theorem 1. Given Assumption 1 on labor demand and Assumption 2 on the distribution of workers across

niches, the earnings distribution features a Pareto tail. The Pareto tail coefficient is given by α = ε/(1 + ξ).
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Proof. Write y = D−1(f(x)). Since both D−1(·) and f(·) are strictly monotonic, the correspondence is

bijective and we have 1−G(y) = 1−F (x). Differentiating with respect to x yields g(y)·(D−1)′(f(x))·f ′(x) =

f(x) or g(y) = f(x)
(D−1)′(f(x))f ′(x) .

By differentiating, Assumption 2 implies that limx→x − (1−F (x))f ′(x)
f(x)2 = 1 + ξ.

Therefore,

lim
y→∞

yg(y)

1−G(y)
= lim

x→x

D−1(f(x))g(y)

1− F (x)
= lim

x0→x

−f(x)2

(1− F (x))f ′(x)

−D−1(f(x))

f(x)(D−1)′(f(x))
=

ε

1 + ξ
.

3 Discussion

Although Theorem 1 covers both the case where the distribution of workers over niches f has bounded support

(ξ < 0) and where the distribution of workers over niches features a fat tail (ξ > 0), it is instructive to consider

the case of a thin-tailed distribution with unbounded support (ξ = 0) such as the the normal distribution,

the log-normal distribution, and the exponential distribution. For these distributions, Theorem 1 gives the

sharp result that the Pareto tail parameter is equal to the elasticity of labor demand, independent of the

particular distribution of workers across niches. Figure 1 shows how the earnings distributions generated

by an exponential, a normal and a log-normal distribution of workers over niches all generate asymptotic

Pareto tails. Although the log-normal distribution has, loosely speaking, many more outliers than the normal

distribution, top-earnings inequality as captured by the Pareto coefficient is the same under both distributions

of workers across niches. This result captures a Stiglitz effect : reducing the number of top earners (e.g.,

hedge fund managers) increases the earnings of the remaining top earners, leaving equilibrium top inequality

intact. de Vries and Toda (2022) document a large variation in labor income Pareto tail exponents across

52 countries. Through the lens of the model, this suggests that countries feature labor-market institutions

or technology which generate labor-demand curves of different slopes. de Vries and Toda (2022) instead

rationalize their findings with heterogeneous returns to career advancement. My theory and theirs are not

mutually exclusive, career advancement can be interpreted as reaching a niche with few other workers and

countries with high top inequality are those where such advancement yield high rewards.

The model introduced in this paper makes structural assumptions on the demand side of the economy but

remains vague with respect to the supply side of the economy. If labor supply is determined in a frictionless

fashion that implies wage equalization, then the density of workers is either uniform or degenerate, violating

Assumption 2. It is therefore important that there is some hetereogeneity or friction inducing a non-

degenerate non-uniform density of workers over niches. For a concrete structural model, see Heathcote et al.

(2017). By assuming an exponential distribution in innate ability, Heathcote et al. (2017) generate an exact

Pareto tail. This paper shows that the earnings distribution features a Pareto tail for a generic distribution
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Figure 1: A constant-elasticity demand curve, y = L−1/ε, generates an exact Pareto distribution of income

when workers are distributed according to an exponential distribution. For other distributions such as the

normal and log-normal distribution, the income distribution asymptotically approaches a Pareto distribution.

The sorted density is the decreasing rearrangement of the density, see Footnote 2.

of innate ability, not only for the analytically convenient exponential distribution.

Ultimately, any theory of the Pareto property of top earnings needs to rely on some assumptions. The

functional-form assumption necessary for Theorem 1 is the assumption that a stable elasticity of the labor-

demand curve exists. Mathematically, the earnings distribution inherits its power-law functional form from

the power-law functional form of labor demand.
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